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A continuous transformation from a closed vesicle to an open vesicle needs that the area of open
hole enlarge from zero. Since the shape equation and boundary conditions of lipid open vesicles
with free edges have been obtained, we want know whether this process can be archived with valid
parameters. By study the boundary conditions in the axisymmetric case, the analytic expression of
the boundary edges is obtained generally. It reveals that the radius and line tension of boundary
edges are confined strongly by bending moduli. In some cases, there is the minimal nonzero boundary
radius and the line tension needs to surmount the maxim following the increase of boundary radius.
Without the spontaneous curvature, the line tension will trend to infinite when the boundary radius
shrinks to zero. The continuous opening process from a closed vesicle to an open vesicle needs that
the spontaneous curvature is nonzero and the ratio between the bending moduli of Gauss curvature
and mean curvature satisfies k ≤ −4. Besides the line tension, a closed vesicle can be opened
through changing the spontaneous curvature.
I. INTRODUCTION
Bilayer membranes are composed by two layers of
phospholipid molecules which are the main components
of cell membranes. In water environment, bilayer mem-
branes can form closed vesicles [1–4]. When increasing
the protein concentration of the environment, the closed
vesicles can change to open vesicles. Inverse deforma-
tion will occur when decreasing the protein concentration
[5]. Studying the equilibrium shapes and phase evolving
paths of vesicles will give some insights of the relation-
ship between the physical properties of cells and their
biological functions.
When ignore the cytoskeleton, cells can be taken as
bilayer membranes. Besides the artificial bilayer mem-
branes which have relatively simple components, the red
blood cell which has no nucleus are goods examples to
test theoretical models. Early theoretical studies are
difficult to explain experiments, until Helfrich pointed
that membranes are in the liquid crystal state. In this
model the membranes are taken as two-dimensional (2D)
surfaces and their equilibrium shapes are determined by
minimization of the free energy [6]. The energy density
is a quadratic form of the two main cultures of mem-
branes. Also, this model is named the spontaneous cur-
vature (SC) model because it contains a spontaneous cur-
vature which probably derives from the nonsymmetric
factors of the inner and outer of the vesicles, such as the
electric field intensity on membrane [7, 8]. Ou-yang and
Helfrich obtained the general shape equation of closed
membranes for the SC model [9, 10]. Several special an-
alytical solutions have been found, such as the Clifford
torus [11], discounts [12], the beyond-Delaunay surface
[13] and the general solution for cylindrical case [14, 15].
Particularly, the discounts solution is close to the red
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blood cell [12]. More details of these solutions are shown
in Ref.[16]. Besides, numeric solutions in the axisym-
metric case have been studied extensively and the phase
diagramwas obtained [17]. Many non-axisymmetric solu-
tions and the corresponding stable phases ware obtained
by using the finite element method [18–20]. Based on the
SC model, other models have been developed, such as
bilayer-coupled (BC) model [21] and the area-difference-
elasticity (ADE) model [22]. In these two models, the
thickness and area change of membranes in bending pro-
cesses are considered. But it is very difficult to find an-
alytic solutions for the equilibrium shape equations and
some numeric solutions were studied [17, 22, 23].
Talin is a ubiquitous mechanosensitive protein and
plays an important role in cell actin and adhesion [24].
Experiments have found that closed vesicles will change
to open vesicles when increasing the talin concentration
[5]. In this process, talin assembles on the boundary
edges and results in the deformation. Based on the Hel-
frich’s free energy model, many researchers discussed the
equilibrium shapes of open vesicles with free edges [25–
28]. It has found that the shape equation for open vesicles
are similar to closed vesicles with zero osmotic pressure.
Besides, the edges should satisfy the boundary condi-
tions [25, 27] which nearly eliminates the possibility to
find a suitable boundary line on the known solutions of
the shape equation of closed vesicles in the axisymmetric
case [27]. Up to know, only an integral case for the shape
equation and boundary conditions was found when the
line tension of the free edges can be negative [29, 30].
Finding new analytic solutions for open vesicles is still a
challenge [31].
The phenomena in Ref. [5] indicate that a closed vesi-
cle can be opened continuously because that the area of
open hole enlarge from zero. Since the shape equation
and boundary conditions of open vesicles with free edges
have been obtained, we want know whether this process
can be achieved with valid parameters. For instance, at
the beginning of the opening process of a vesicle with
2an infinite small hole, whether the line tension of the free
edge is finite? If it is not, we think the opening process is
discontinuous or cannot be achieved physically. In other
words, we want to know wether it needs infinite forces to
open a closed cell. Cells have many ion channels which
are controlled by the membrane potential. If we take
these channels as small open holes, whether the opening
and closing actions can be achieved in the open vesicle
model? Moreover, in the axisymmetric case the bound-
ary conditions are reduced to ordinary deferential equa-
tions. In previous works, researcher tried to find solutions
of the shape equation of open vesicle with these boundary
conditions. Although this method provides some special
shapes, revealing the insights of the general behaviours
of open vesicles is still difficult. However, if these bound-
ary equations can be solved generally, we can obtain the
general characteristics of the boundary edges and avoid
to solve the shape equations.
In this work we will study the above questions by inves-
tigating the deferential equations of boundary conditions
in the axisymmetric case. Supposing the talin concen-
tration is positively related to the line tension of the free
edges, the general solution is obtained and it reveals some
of the boundary behaviours of open vesicles which are in
good agrement with experiments. In Sect. II, the bound-
ary equations are simplified and the general solution is
derived analytically. In Sect. III, general boundary be-
haviours of open vesicles are discussed and the results
are compered with experiments. Finally, these results
are recapped in a short discussion in Sect. IV.
II. ANALYTIC SOLUTION FOR
AXISYMMETRICAL BOUNDARY CONDITIONS
The Helfrich free energy for a vesicle is [6]
E =
kc
2
∫ ∫
(2H − C0)
2dA+ kb
∫ ∫
ΛdA, (1)
where kc and kb are the bending moduli, H and Λ are the
mean curvature and Gauss curvature, respectively. C0 is
the spontaneous curvature and dA is the area element.
For an open vesicle with a free edge, the total energy is
Et = E + λ
∫ ∫
dA+ γL, (2)
where λ is the area tension and γ is the line tension of
the boundary edge with the length L.
For an axisymmetric surface, let the generating line be
around the z-axis and ρ be the turning radius,
x = ρ cosφ, y = ρ sinφ, z =
∫
tanψ(ρ)dρ, (3)
where φ is the azimuthal angle and ψ is the tangent angle
of the profile curve. The surface can be expressed as
r = {ρ cosφ, ρ sinφ, z}. (4)
Defining ()′ = d()
dρ
, we have
K1 =
sinψ
ρ
, K2 = (sinψ)
′, (5)
H = (K1 +K2)/2, Λ = K1K2, (6)
where K1 and K2 are two main curvatures. Hu et. al
obtained the general shape equation, which is a third-
order ordinary differential equation [32]. Zheng et. al
provided the first integral of the shape equation as follow
[33].
λ¯ = (2H − C0)ψ
′ cosψ + 2H ′
cos2 ψ
sinψ
−
1
2
(2H − C0)
2, (7)
where η is a constant of integration, λ˜ = λ/kc and p˜ =
p/kc. The above is a second-order ordinary differential
equation with the variable ρ. Although it is very difficult
to solve generally, several analytic solutions have been
found [16].
Besides, the edges should satisfy the following bound-
ary conditions [26, 34]
k = −
2Hc − C0
sinψc
ρc, (8)
1
2
(2Hc − C0)
2 + kΛc + λ¯+ σγ¯
cosψc
ρc
= 0, (9)
where k = kb/kc and the subscript ()c means the cor-
responding value on the boundary line and we name ψc
the opening angle. Substituting Eqs. 6-8 into Eq. 9 and
choosing σ = 1, we get
γ¯ = −2ρcH
′
c cotψc. (10)
Making use of Eq. 6, Eq. 8 is changed to
(sinψc)
′ +
k + 1
ρc
sinψc − C0 = 0. (11)
This equation has the following general solution
ψc = arcsin
(
Cρ−k−1c +
C0
k + 2
ρc
)
. (12)
where C is a constant of integration.
Defining the scale factor ρ0 = |C|
1
k+1 , the reduced
boundary radius ρ˜c = ρc/ρ0 and the reduced sponta-
neous curvature c0 = C0ρ0, we have
ψc = ψc1 ≡ arcsin
[
δρ˜−k−1c +
c0
k + 2
ρ˜c
]
. (13)
where δ = 1 for C > 0 and δ = −1 for C < 0. Here we
should not that the function arcsin confines −pi2 ≤ ψc ≤
pi
2 . Actually, besides Eq. 13, the opening angle can be
ψc = ψc2 ≡ π − arcsin
[
δρ˜−k−1c +
c0
k + 2
ρ˜c
]
. (14)
3Furthermore, we define the following reduced param-
eters: K˜1c = ρ0K1c, K˜2c = ρ0K2c, H˜c = Hcρ0, Λ˜c =
Λcρ
2
0, γ˜ = γ¯ρ0 and λ˜ = λ¯ρ
2
0. Substituting Eq. 13 and
Eq. 14 into Eqs. 5-7 and 10, we obtain
K˜1c =
c0
k + 2
+ δρ˜−2−kc , (15)
K˜2c =
c0
k + 2
− δ(1 + k)ρ˜−2−kc , (16)
H˜c =
c0
k + 2
−
δ
2
kρ˜−2−kc , (17)
Λ˜c =
c20
(2 + k)2
− (1 + k)ρ˜−2(2+k)c −
δc0k
2 + k
ρ˜−2−kc , (18)
γ˜ = ǫ
δk(k + 2)2
√
1− [c0ρ˜c/(k + 2) + δρ˜
−k−1
c ]2
δ(k + 2)ρ˜c + c0ρ˜
3+k
c
, (19)
λ˜ =
δk(2 + k)2ρ˜−2c
δ(2 + k) + c0ρ˜
2+k
c
−
k
[
δ(2 + k) + c0ρ˜
2+k
c
]2
2(2 + k)ρ˜
2(2+k)
c
.(20)
Where ǫ = −1 for ψc = ψc1 and ǫ = 1 for ψc = ψc2.
Particularly, Eq. 15 and Eq. 16 yield
K˜1c(1 + k) + K˜2c = c0. (21)
This condition gives a general structure characteristic of
the boundary edges.
The shape of open vesicles can be changed by adjusting
the concentration of talin [5]. A reasonable interpretation
is that talin assembled boundary edges changes the line
tension γ. But we do not know whether a closed vesicle
can be opened by choosing suitable γ. In other words, we
need γ is finite at the beginning of the open process. For
an open vesicle, if γ → ±∞ or λ˜→ ±∞ when the area of
open hole shrinks to zero, the deformation between the
closed one and open one cannot be archived physically.
In the axisymmetrical case, on the north pole of a
closed vesicle, there are ψ = π and ρ = 0. Suppos-
ing that the opening process begins at this pole and the
closed vesicle changes to a open vesicle continuously, the
boundary edge satisfies
γ˜ and λ˜ are finite, ψc → π, when ρ˜c → 0. (22)
Moreover, Eq. 7 needs that h and h′ are also finite when
boundary radius ρ˜ → 0. So, in the following text, we
discuss whether the above conditions can be archived in
Eqs. 19 and 20 by choosing suitable parameters
III. SHAPE TRANSFORMATION FROM A
CLOSED VESICLE TO AN OPEN VESICLE
A. Without the spontaneous curvature
First, let us consider the state c0 = 0. Then, Eqs. 12,
19 and 20 are reduced to
ψc = arcsin(δρ˜
−k−1
c ) or ψc = π − arcsin(δρ˜
−k−1
c ), (23)
γ˜ = ǫk(k + 2)ρ˜−1c
√
1− ρ˜−2k−2c , (24)
λ˜ = −
1
2
k(k + 2)
[
ρ˜−2c − 2ρ˜
−2(k+2)
c
]
. (25)
In Eq. 24 we need 1− ρ˜−2k−2c ≥ 0 and it yields
ρ˜c ≥ 1, k > −1, (26)
ρ˜c ≤ 1, k < −1. (27)
We can also obtain
γ˜ = 0, ψc = ±π/2, when ρ˜c = 1 and k > −1, (28)
γ˜ → ±∞, ψc = 0 or π, when ρ˜c = 0 and k < −1. (29)
Moreover, we can find that λ˜→ ±∞ when ρ˜c = 0. Since
γ˜ → ±∞ has no physical meaning, the above results in-
dicates that a closed vesicle cannot changes to a open
vesicle continuously when c0 = 0. We show several ex-
amples of the relationships between the ρ˜, γ˜ and ρ˜c in
Fig. 1.
B. With nonzero spontaneous curvature
When c0 6= 0, the relationship between γ˜ and ρ˜ is in-
tricate. Besides the behaviours in Fig. 1 , we can find the
following phonomania (ǫ = 1)
γ˜ = 0, ψc = π, when ρ˜c = 0 and k < −3, (30)
γ˜ = 3δ/c0, ψc = π, when ρ˜c = 0 and k = −3. (31)
The above results satisfy the conditions in Eq. 22. We
also find that there always is γ → ±∞, when k > −3.
Moreover, considering that continuous deformation needs
λ˜ is infinite. In Eq. 20, if k > −4, we find λ˜→ ±∞ when
ρ˜c = 0. The valid states are
λ˜ =
−kc20
2(2 + k)
, when ρ˜c = 0 and k < −4, (32)
λ˜ = −16δ/c0 − c
2
0, when ρ˜c = 0 and k = −4. (33)
Moreover, if k ≤ −4, it is easy to get
H˜c =
c0
2 + k
, Λ˜c =
c20
(2 + k)2
, when ρ˜c = 0. (34)
A closed spherical solution with the radius R and zero
pressure satisfies [9]
2λ˜R− c0(2 − c0R) = 0. (35)
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FIG. 1: Relationships between the reduced boundary radius ρ˜c, the reduced line tension γ˜ and the opening angle ψc.
Supposing that this sphere begins to open up with ρ˜c = 0,
Eq. 34 gives R = 1/H˜c = (2 + k)/c0. This result and λ˜
in Eq. 32 satisfy Eq. 35. Therefor, the open process can
begin with a sphere.
In Eq. 12, we define
f = δρ˜−k−1c +
c0
k + 2
ρ˜c. (36)
If f = 0, we have ψc = 0 or ψc = π. Also, it yields
ρc = 0 and ρc = (
k+2
−δc0
)
1
k+2 . But if ρc = (
k+2
−δc0
)
1
k+2 , we
have γ˜ → ±∞. Therefor, this result gives two kinds of
impossible shapes as shown in Fig. 2. Moreover, f = ±1
yields ψc = ±π/2 and γc = 0.
Based on the above analysis, we can conclude that the
continuous deformation between closed vesicles and open
vesicles can only occur when c0 6= 0 and k ≤ −4.
C. Analytic results Compered with experiments
Experiments have revealed that a closed vesicle can
be opened through increasing the tain concentration and
this process seems to be continuous [5]. Inversely, de-
creasing the taling concentration induces that a open
(a) (b)
FIG. 2: Two kinds of impossible shapes due to the infinite
line tension on each boundary. There are ψc = 0 for (a) and
ψc = pi for (b).
shape changes to a closed one. In these deformations,
talin assembles on the boundary edges and changes the
mechanical state of vesicles. A reasonable assumption is
that the tain concentration is positively related to the
reduced line tension γ˜. Then, increasing γ˜ can open a
closed vesicle and inverse process will occur when de-
creasing γ˜. Choosing suitable parameters, these process
can be archived theoretically.
Fig. 3 shows an example by choosing k = −6, c0 = −4,
ψc = ψc2 and δ = 1. In Fig. 3(a), the open process begins
at the point a. With the increase of the reduced line ten-
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FIG. 3: The relationships between the opening angle ψc and
reduced bounder radius ρ˜c, and between reduce line tension γ˜
and ρ˜c. Here we chose k = −6, c0 = −4, ψc = ψc2 and δ = 1.
In each chart, there are ρ˜c = 0 and ψc = 180
◦ for point a,
ρ˜c = 0.3 and ψc = 162.3
◦ for point b, ρ˜c = 0.3 and ψc = 129
◦
for point c, ρ˜c = 0 and ψc = 90
◦ for point d.
sion γ˜, the reduced bounder radius ρ˜c will increase until
it reaches the point c. On which, the open hole reaches
the biggest state. Accordingly, Fig. 3(b) shows that the
opening angle decrease from ψc = 180
◦ on point a to
ψc = 162.3
◦ on point c. But if we keep on increasing γ˜
on point c, there is no evolving path for the shape. Con-
sidering that our model is in the axisymmetric case, we
think the vesicle will change to non-axisymmetric shapes
in this case.
Moreover, if we decrease γ˜ on point c, there are two
deformation paths. One changes back to the initial closed
shape on point a. The other changes to point d with
a nonzero ρ˜c. Fig. 4 shows the evolving paths in the
3D case. The (a)-(d) shapes are corresponding to the
a-d points in Fig. 3. The process from (a) to (e) is in
good agreement with experiments [5]. Besides, we find a
new deformation path between shapes (c) and (d), which
needs to be proved in future experiments.
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FIG. 4: Deformation paths depend on the change of talin
concentration. The (a)-(d) shapes are corresponding to the
a-d points in Fig. 3. There is ψc = pi for (d) and shape (e) is
a non-axisymmetric shape.
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FIG. 5: Relationships between the reduced bounder radius
ρ˜c and spontaneous curvature c0 and between ρ˜c and opening
angle ψc. We fixed γ˜ = 0.1, k = −5 and δ = 1.
D. Opening process induced by spontaneous
curvature
In the up sections we take c0 and k as constants and
show that one can open a vesicle through increasing the
line tension. But we don’t known wether it is possible
to open a closed vesicle by changing other parameters,
such as c0. Cells have many channels which are con-
trolled by the membrane potential. It has reported that
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FIG. 6: Opening and closing processes induced by the change
of spontaneous curvature. The closed shape (b) with c0 = 0
has an infinite small hole. Decreasing or increasing c0 will
induce which changes to shape (a) with a hole opened outward
or shape (c) with a hole opened inward.
the c0 is related to the electric field on membrane [7, 8].
So, it implies that c0 is related to the membrane poten-
tial. Therefor, taking these channels as small open holes,
opening and closing actions probably can be achieved by
adjusting c0.
Supposing that a channel on a cell is closed, then the
cell can be taken as a closed vesicle with an infinite small
hole. If no talin and other proteins are added in the vesi-
cle environment, we think the reduced line tension γ˜ is
a constant. In this case, if the membrane potential is
changed chemically, c0 will change accordingly. If γ˜ in
Eq. 19 is fixed and taking c0 as variable, we obtain the
relationships between c0 and ψc and between c0 and ρ˜c.
Fig. 5 shows an example by choosing γ˜ = 0.1. From
Fig. 5(a) we can see that the closed vesicle with c0 = 0
is opened up through changing c0. Increasing or decreas-
ing c0 from zero seems has similar effect. But there is
also deference. Following the increase of ρ˜c, there are
the maximal and minimal points for c0. Fig. 5(b) indi-
cates that increasing c0 will enlarge the opening angle,
which means that the hole is opened outward. Inversely,
decreasing c0 will reduce the opening angle and make a
hole opened inward. This deference is shown in Fig. 6
in the 3D case. Before c0 reaches the maximal or mini-
mal value, changing back c0 to zero will close the open
hole. This result implies that the opening and closing ac-
tions of channels can be achieved by changing membrane
potential, which is a well known biological phenomenon.
IV. CONCLUSIONS
Opening up a hole and closing a channel are typical
cell behaviors and they play an important rule in vital
activities. Using continuum mechanics to study these
phenomena, especially the opening and closing actions of
ion channels, is facing on challenge.
In this work, based on the Helfrich free energy model,
we obtain the general solution of the boundary equations
of open vesicles in the axisymmetric case. Some general
behaviours of the the boundary edges are revealed. The
deformation paths are investigated, which are in good
agreement with experiments. The results also indicate
that the radius and line tension of boundary edges are
confined strongly by bending moduli. Without the spon-
taneous curvature, the line tension will trend to infinite
when the boundary radius shrinks to zero. Which im-
plies that a closed vesicle cannot be opened by using finite
forces in this case, or that there is discontinuous transfor-
mation between a close and a open vesicles. With finite
physical parameters, opening and closing processes need
that the spontaneous curvature is nonzero and that the
ratio between the bending moduli of Gauss curvature and
mean curvature satisfies satisfies k ≤ −4. Taking the ion
channels as open holes, the opening and closing actions
can be manipulated by changing c0. Since c0 is related
to the membrana potential, it implies that these actions
can be achieved by changing membrane potential, which
is in accordance with electrophysiology experiments.
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